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Abstract 

In this paper we investigate the recently found 7-deformed Maldacena- 
Nunez background by studying the behavior of different semiclassical 
string configurations. This background is conjectured to be dual to 
dipole deformations of M = 1 SYM. We compare our results to those 
in the pure Maldacena-Nunez background and show that the energies 
of our string configurations are higher than in the undeformed back- 
ground. Thinking in the lines of (hep-th/0505100) we argue that this 
is an evidence for better decoupling of the Kaluza-Klein modes from 
the pure SYM theory excitations. Moreover we are able to find a limit 
of the background in which the string energy is independent of 7, these 
strings are interpreted as corresponding to pure gauge theory effects. 
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1 Introduction 



In the recent years the AdS/CFT correspondence [1] became the major ana- 
lytical tool for studying gauge theories at strong coupling. Thus it is of great 
interest to extend it to less supersymmetric theories which are phenomeno- 
logically more appropriate. 

Recently Lunin and Maldacena [4] found the supergravity dual of the 
/9-deformed Af = 4 SYM [5] by performing an SL(3, R) transformation on 
the well known AdS 5 x S 5 background. This provides new possibilities for 
quantitative checks of the AdS/CFT correspondence. When the deformation 
parameter (3 is real (these are called 7 deformations) we have a continuous 
parameter which controls the deformation. So we can extend our knowledge 
for the correspondence between AdS^ x S 5 and Af = 4 SYM to this deformed 
case. This idea was first explored in [12] where the string energies in the 
su(2) sector where matched to the anomalous dimension of the correspond- 
ing operator in the 7-deformed Af = 4 SYM (This technique was applied 
to AdS§ x S* 5 [21]-[39], similar considerations for other less supersymmet- 
ric backgrounds can be found in [40]- [55]). In [11] the integrability of the 
bosonic string on the Lunin-Maldacena background was proven and a new 
deformed background with three real deformations parameters 7, was found. 
The su(3) sector of semiclassical strings in this more general three parameter 
background was studied in [13] and a remarkable match between string ener- 
gies and anomalous dimensions was shown. Different semiclassical rotating 
strings with spins in both the AdS 5 and the 7-deformed S 5 were studied in 
[14]. More interesting results in the study of this deformed theories can be 
found in [15]- [19]. 

Following the ideas in [4] Gursoy and Nunez [6] found a new interesting 
background which is a /5-deformation of the well known Maldacena-Nunez 
background [7]. The Maldacena-Nunez background is dual to N — 1 SYM 
and the authors of [6] provided evidence that the new deformed background 
is dual to the so called "dipole deformation" of the field theory. Moreover 
they were able to show that in the case of real deformation the pure gauge 
dynamics does not depend on the deformation parameter and the Kaluza- 
Klein(KK) modes increase their masses (respectively their energy). This is 
a new idea which gives a possibility to approach the problem of the mixing 
between the KK modes and the pure gauge theory effects. Motivated by this 
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idea 2 . For /3-deformations and KK modes see also [10], in the present paper 
we want to consider semiclassical strings in the deformed Maldacena-Nunez 
background and analyze the dependence of their energies on the deformation 
parameter 3 . The idea is to analyze the role of the KK modes unavoidably 
present in string backgrounds with less supersymmetry. The key point is the 
conjecture suggested by Gursoy and Nunez that the gamma deformations 
affect only the contributions from KK modes and hence it can serve as a 
test for whether our results are purely gauge theory effects or not. The con- 
jecture explores the following observations. Starting from particular string 
background, in order to use AdS/CFT correspondence one should consider a 
UV completion of the corresponding supergravity solution. The completion, 
when we consider N=l case, depends on the KK modes. Deforming the back- 
ground we change the behavior of the string theory (i.e. we are producing 
a family of completions parameterized by a continuous parameter 7) which 
results in changes in the spectrum, the functional relations between the spins 
Ji, J 2 and the energy etc. To make definite conclusions about gauge theory 
we should ensure that the result is entirely due to gauge theory effects. The 
satement made in [6] is that the deformation affect only the dynamics of the 
KK modes. Therefore, from practical point of view, one can trust only the 
result which do not depend on the deformation parameter, i.e. one should 
make computations in the undeformed and deformed backgrounds and the 
results depending on 7 have contributions from the KK modes, but the others 
are purely gauge theory effects. 

In this paper we consider the deformed Maldacena-Nunez background 
and study the impact of the deformations on the semiclassical rotating and 
pulsating strings. Semiclassical strings in the Maldacena-Nunez background 
were studied in [20]. There the cases of rotating and pulsating strings were 
considered and the energy of the strings were expressed in terms of their 
angular momenta and quantum numbers respectively. In sections 3 and 4 of 
the present paper we consider the same ansatz as in [20] both for rotating 
and pulsating strings. We find the energies of the rotating strings in terms 
of their angular momenta in the limit of long and short strings. For the 
pulsating string ansatz we use the Bohr-Somerfeld quantization to compute 
the energies of the strings in terms of their quantum number n and the 

2 We thank Carlos Nunez for suggesting this problem to us 

3 For extended discussion about deformations of flows from type IIB supergravity see 
also [8]. 
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winding number m. In both cases we reproduce the results of Pons and 
Talavera in the limit 7 — » 0, this should be expected since this is the limit 
in which the background is not deformed (i.e. the original Maldacena-Nunez 
background is reproduced). More interestingly in both cases we find that the 
string energies increase due to the deformatioan. This can be interpreted as 
an evidence for the prediction of Gursoy and Nunez [6] for better decoupling 
of the KK modes in the deformed theory. In [6] it was conjectured that 
the sectors in which the deformation is decoupled should correspond to pure 
gauge theory effects. Fortunately, we were able to find a particular string 
ansatz in which there is non-trivial decoupling of the gamma deformation 
from the rest. In the concluding section we give detailed comments on the 
results of our study. 



2 7 transformation of the Maldacena-Nunez 
background 

Here we will briefly review the background obtained by applying the Lunin- 
Maldacena procedure [4] to the so called Maldacena-Nunez background [7]. 
This 7 deformed background was found in [6] and it was argued that it is 
dual to dipole deformations of N — 1 SYM theory. Moreover the authors 
of [6] conjectured that in this deformed background the KK modes decouple 
better from the pure gauge theory excitations and this is controlled by the 
real deformation parameter 4 . Following the notation of [6] we can write the 
metric of the Maldacena-Nunez background in the following form (this is 
different from the form in which the original solution was written but it is 
more convenient for applying the SL(3,R) transformation): 

ds 2 string = e^dxlj + a'g s Ndr 2 } + D^ 2 + D 2 d6 2 + D 3 d§ + E 1 d6d6+ 

E 2 d9dij + E 3 d6dij + -^=[dip + («i - CPJde + (a 2 - C[3 2 )d6 + (a 3 - C/3 3 )# - C#] 2 + 

v A 

Fy/A[d<p + Pid9 + fadd + p 3 dij} 2 

(2.1) 

4 See [6] for an extensive discussion of this argument and some evidences supporting it 
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If we define 

/ = Ae 2h sin 2 9 + cos 2 9 + a 2 sin 2 9 g = a sin 9 sin 9 cos ip — cos 9 cos 9 (2.2) 
We can write the functions appearing in (2.1) as 



a'g 8 Ne* r- ~ 2 f - g 2 g . 2r 

a f ■ i ■ a a 9 ■ , ■ n a fcos9 + gcos9 
Pi = -, sin ip sin 9; p 2 = ~, 9 a sm ip sin 9; pl 3 = ; 

/ -g 2 f - g 2 f - g 

ag sin 9 sin ip a sin 9 sin ^ cos 9 + g cos 

«i = — ~, 5 — ; «2 = — z 5 — ; a 3 



2 



2 



- r f — g f - g 

a'g s Ne^ 

Di = —-^ — [/ sin 2 9 — g 2 — cos 2 9 — 2g cos cos 0] ; 
\J 9 ) 

^ a'asNe 4 ", 9 , 9ft f 9 9 , , ~, ^ aViVe^ r a 2 sin 2 6> sin 2 ^, 

^2 = — ^ a 2 + 4e 2?i - ^^a 2 sin 2 iP sin 2 ; L> 3 = — A 1 7 5— H 

4 /-# 2 4 f-g 2 



aa'g s Ne^ r , o . 9 . . ~ 
£/! = cos V> ^ 9 a sm ^ sm 9 sm #J ; 

2 f-g 2 

aa'gsNe^ simp sm9(f cos 9 + g cos 9) 
E2 = 2 J-? 5 

aa'g s Ne^ sin ip sin 9 (cos + g cos 9) 



2 f-g 2 

(2-3) 

There are other fields present in the background but we are not going 
to present their explicit form. After performing an SL(3, R) transformation 
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(which is equivalent to a TsT transformation [11]) the metric takes the form: 

(ds 2 string )' = ( y, ] [e*[dxl 3 + a'g s Ndr 2 ] + Didip 2 + D 2 d9 2 + D 3 d9 + Eid9d9+ 

F' 

E 2 d9d^j + E 3 d9d^j] + —=[dip + (ai - C/3i)cZ0 + (a 2 - + (a 3 - C/%)# - Cd<p} 2 + 

vA 

F'>/A[d^ + Pid9 + /3 2 ^ + /3 3 #] 2 

(2.4) 

where $ and $' are the original and the transformed dilaton field, F' = 
F 

— — - and 7 is the real transformation parameter. We would like to note 

1 + sy z F z 

that it can be proven that this new deformed geometry does not generates 
any new singularities with respect to the undeformed one. After this brief 
comments on the deformed Maldacena-Nunez background we proceed with 
the investigations of the behavior of various classical string configurations in 
this geometry. 



3 Rotating strings in S* 2 x R 

In the following sections we are going to study different string configurations 
in the above presented 7-deformed background. We will focus our attention 
on the dependence of the string energy on the real deformation parameter 7 
since we want to test the proposal made in [6] for better decoupling of the 
KK modes. Since we want to compare our results to the case of the pure 
Maldacena-Nunez background, we will work with the same string configura- 
tions as those studied by Pons and Talavera [20]. We start with the following 
simple rotating string ansatz: 

7T 

t — kt (f = kujt 9 = — r = r(a) (3.1) 
The relevant part of the deformed metric is: 
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where 



A = a'g s N F = —-^Ae 2h + a 2 (r) F' 



e 



2$' 



1 + 7 2 F 2 

e 2 * 1 , N 2r 



«r) = -T^r ( 3 - 3 ) 



1 + 7 2 F 2 4e 2h + a 2 (r) sinh2r 



e 2h = r coth 2r ^— -\ e 2 * = e 2 * 

sinri 2r 4 2e ft 

For later convenience we define 

(3( r ) = e 2h ^ + ^ (3.4) 

Using these definitions we can rewrite the components of the metric as follows 

G tt = -e* G rr = Ae* 

_ Ae*/3(r) (3.5) 
1 + 1-A 2 e 2 *(3{r) 
The Polyakov action for this ansatz is simply 



( 



drda 



eV + Ae (r'((7)) 2 - 



<b(Jt 



Ae* (3(r)K 2 u j 2 
1 + ^^(r) J 



\ 



(3.6) 



We should also impose the Virasoro constraints in order to ensure con- 
formal invariance. One of them is trivially satisfied by our ansatz and from 
the second one we obtain the following equation for r(a): 



( 



A(r\o)f = k 2 



A(3{r)uj 2 



\ 



1 - 

V 1 + x AV ^ r ) J 



(3.7) 



In the limit 7 — > we recover the equation for the pure Maldacena-Nunez 
should be expected. This equation can be rewritten as: 
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da = dr 



A 



K 



\ 



1 - 



Af3{r)uo 2 



(3.8) 



2 2$ 



1 + l-A'i 
4 



This relation is useful for the computation of the conserved charges in 
our problem (the energy and the angular momentum) which adopt the form: 



E = — 
2tt 



J = 



Akuj 



da 



dae 



e*/3(r) 



(3.9) 



1 + ^A*e™P(r) 



In order to compute these quantities we need the explicit form of the 
dilaton field and the function (5{r) 



e 2 * sinh 2 2r 



a/ 4r cosh 2r sinh 2r — sinh 2 2r — 4r 2 



(3.10) 



(3(r) = r coth2r — 



where $ is the value of the dilaton field at the point r = 0. Substituting 
these function into the expressions for the energy and the angular momen- 
tum leads to analytically non-solvable integrals and we should make some 
approximations. Since we are interested in the way which the deformation 
parameter affects the energy we will consider the limits of long and short 
strings and try to extract the leading terms for the energy and angular mo- 
mentum. 



3.1 Long strings 

The limit r — > oo, where r is the turning point is called long strings. In 
this limit the dilaton and the function (3{r) have the following behavior: 

/3( r )~ r e *(r)»_£_ (3.ii) 
2r4 
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So in this approximation the conserved charges are 



Jo 



2vr J 2r4 \^ 2 Ai 



_ Alu f ro . e r rl 1 

u — 



IQ +^A 2 e 2r y/f 

(3.12) 



pro 

/ dr _.. 

16 y 16 + 7 2 A 2 e 2 ^ 

Using the long string approximation we can solve this integrals, after 
some calculations we end up with the following expressions: 

^ VA T(3/4) 3/4 f 3 5 r ^> v^ r i/4 
E ^4^r(5/4) r ° lFl[ 4'4' r ° J 4^ 6 

w / ~ ^ 3/4 1X7/4) 7 9 r£ >> v 7 ^ 1/4 f3 13 v 



E wJ ~8^ r ° IW4) 1 Fli 4'4' roJ ~" 80F r ° 



Our results look exactly the same as those of Pons and Talavera but in 
our case the turning point is: 

ro = ~r A (3.14) 

So the effect of the deformation parameter essentially increases the energy 
and the angular momentum. Of course in the limit 7 — > we reproduce 
exactly the results from the undeformed case. 
We can easily calculate the ratio: 

T~ ~ 7T- 3.15 

So as in the undeformed case this is a finite value. It aslo useful to extract 
the dependance of the string energy on the angular momentum. The leading 
term in this dependance (we assume large values of E and J) is: 
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r, 1 J 

E 



R 



^16 + 7 2 i? 2 167rc<j 2 J 2 ln 1/2 (^-uJ^j (3.16) 



One can check that this messy expression reduces to the leading term for 
the energy in the work of Pons and Talavera. 



3.2 Short strings 

Here we will present a similar analysis to the previous section but in the limit 
of short strings (i.e. ro — > 0). In this limit the dilaton field and the function 
f3{r) have the following behavior: 

P(r) « \ + ^r 2 e*< r > w 1 + V (3.17) 
4 3 9 

Substituting these approximate values into the expressions for the energy 
and the angular momentum leads to: 



^Vl Jo ^r-Q-r 2 

(3.18) 

(I 7 2 

J = = / dr 



27r v / £ Jo >/r 2 - r 2 

where r is the turning point and £ is a short notation for the following 
expression: 

32A{3uj 2 - 7 2 A) 
^ ~ 9(16 + 7 2 A 2 ) 

(3.19) 

9(16 + 7 2 A 2 -4cu 2 A) 



'o 



32A(3cj 2 - 7M) 
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After some straightforward but tedious calculations we end up with the fol- 
lowing expressions for the energy and angular momentum: 



E 



J 



3 1 

2w, 



7 2 A 2 
16 



3 1 

2uP 



N 3cu 2 



/ 7M 2 
' 1 + - 



16 



V 



fA 
3^ 



so that we can extract the following relation 



(3.20) 



E 



(l 



16 



1 - 



3^ 



/ 



J 



(3.21) 



This is an expected Regge type behavior for the energy of a very short 
string, as before if we take the limit 7 — > we reproduce the analogous 
relation found by Pons and Talavera. Looking at the expression for the energy 
(3.20) we see that the deformation parameter again increases the energy and 
the angular momentum. Thus we can conclude that for this rotating string 
configuration the energies are shifted in the positive direction, which comes 
as an evidence for the conjecture for better decoupling of the KK modes in 
the 7-deformed geometry. Encouraged by this observation and looking for 
similar pattern we proceed with the study of semiclassical pulsating strings. 



4 Pulsating strings in 5 2 x M 

Pulsating strings represent another interesting class of semiclassical strings 
used as a tool for studying the AdS/CFT correspondence [25]- [30]. We use 
the approach of Minahan [27] and the following pulsating string ansatz: 

7T 

t — T = ma 6 = — r = r(r) (4.1) 
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The Nambu-Goto Lagrangian for this ansatz is 



C NG = me 



* AP(r)(l-Ar 2 ) 



\ 1 + 7l A 2 e 2 "(3(r) 



(4.2) 



The canonical momentum corresponding to r can be obtained from this La- 
grangian: 

1 me* A 2 f3(r)f 



IL 



1 + ^A 2 e 2 *(3(r) 



Af3{r){\ - Ar 2 ) 
1 + l_ A 2 e 2 *(3{r) 



(4.3) 



Now we can easily compute the Hamiltonian of our system 



H 



U 2 



+ 



m 2 Ae 2 ' s '(3(r) 
1 + f^ A \^^ r ) 



(4.4) 



This is the Hamiltonian of a one dimensional system with the potential 

m 2 A 2 e 2 ' s, (3(r) 



V = 



1 + \A 2 e 2 *P(r) 



(4.5) 



In order to compute the energy levels we will make use of the WKB approx- 
imation, namely 



dr 



AE 2 - 



m 2 A 2 e 2 *[3(r) 
+ ^A 2 e 2 *[3(r) 



(n+ -)tt 



(4.6) 



Unfortunately this integral is analytically unsolvable and we should again 
make use of some appropriate approximations. As in the previous section 
we will focus on the limits of short and long strings and find the leading 
contributions to the energy. 
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4.1 Long strings 



The limit of long strings r — > oo is physically interesting and it greatly sim- 
plifies the form of the potential, which has the following asymptotic behavior: 

m 2 A 2 



-e 2r \/r 



V 



fA 2 
~L6 



1 + 



(4.7) 



,2r 



Now we can solve the equation AE 2 = V(r ) for the turning point r , of 
course we again explore the approximation r — > oo. After some computa- 
tions we find: 

/ 



r 



I In 

2 



AE 2 



m?A 



~^A 2 E 2 



The integral I in this limit has the following leading behavior: 

1 x 



VAEr + 0( 



E' 



So we can substitute our expression for r and end up with: 

\ 

! — I I h, - 

I 



-VAE In 
2 



m 2 A 



YA 2 E 2 



7 



(4.8) 



(4.9) 



(4.10) 



We can compare our result to the one from the paper of Pons and Talavera. 
In the limit 7 — > we reproduce their result as expected, because this is the 
limit which reproduces the original Maldacena-Nunez background. Moreover 
since I = (n + we see that the energy levels are again shifted upwards, 
which coincides with the pattern found in the previous section for rotating 
strings. 



4.2 Short strings 



We will consider the limit r — > (i.e. short strings). In this limit the 
potential adopts the following simpler form: 



V(r) = m 2 A 2 



\ 



7M 2 



+ r z 



(4.11) 



/ 
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Using this we can find the turning point r , i.e. the solution of the equation 
E 2 = V(r ) 



r = 



y/A(A + 7 2 A 2 )(4E 2 + E 2 ^ 2 A 2 - Am 2 A) 
m(AA + 7 2 A 3 ) 



(4.12) 



Now the integral / = J r ° dr \/ E 2 — V{r) can be solved but the result is to 
long and we will not present it here. The important thing is that we can 
further solve the equation for E 2 in terms of the oscillator level n 



E 



^ VA + A^ 2 ^ 



V 



1 + 



fA 2 



ran 



(4.13) 



Amazingly in the limit 7^0 this expression reduces to the result of Pons and 
Talavera. However here it is not that obvious that the energy is increased but 
since in the undeformed case E 2 = \f~Amn we can say that (4.13) is affected 
by the deformation parameter and indeed it is greater than the energy of the 
string in the undeformed geometry. 



5 " Fast " rotating strings in S* 3 

In this case, the discussion follows closely the one in the 7-deformed S" 3 part. 
If we put 

6 — 0, r — 0, <f — const 
the relevant part of the metric is 

rfs 2 = - e *o dt 2 +Ad g2 + ^ f# + cos^ 2 + ^^l—df, 

1 + 7 2 A 2 sin 2 9 V / 1 + 7 2 A 2 sin 2 9 

(5.1) 

where A = a ' gs f e *° . 

The B-field is B2 — dip A d(p. 

Let us now study the structure of the string sigma model action in the "2- 
spin" sector in the limit of large total spin J = J x + J 2 . Setting 

^ = a + £, <p = a-£,i.e. £=^(ij)-(p), (5.2) 
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we may treat a as a "fast" angular variable while £ and 9 will be "slow" 
variables whose time evolution will be suppressed. Using these definitions we 
can rewrite the metric as follows 



ds 2 = -e"°dt 2 + Add 2 + 



AA 



1 + 7M 2 sin 2 6 



cos 2 (-) da 2 + sin 2 (-)d£ 2 
2 2 



(5.3) 



The B-field is B 2 = dip A dip = -2 da A d£, i. e. B ai = -2. 
Then the relevant Polyakov action is 



An J 



drda [ V^hh pq ( -e*°d p td q t + A d p 6d q 6+ 



+ 



4Acos 2 (-) 4Asin 2 (- 
- - - d v ad a + 



l + 7 2 A 2 sin 2 # P Q ~ ' l + 7 2 A 2 sin 2 ^ 



~d 1 £d£)-2e?*B a/ :d p ad q Z\. 

(5.4) 



To implement the uniform gauge fixing one may either consider the phase- 
space action and fix p a = const or, equivalently, first do T-duality (i.e. 2-d 
duality) in a direction in the above action and gauge-fix a = .la. The 
components of the metric (5.3) after T-duality transformation take the form: 



G ace 



1 + 7 M 2 sin 2 6 

Q 

A A cos 2 (-) 



9i, 



Gee — A, 



~ A 2 sin 2 9+ (1 + 7 2 A 2 sin 2 #) 2 _ ~ (1 + 7 2 A 2 sin 2 0) 
G^ — ~ = #2, Ga£ — —2 



Acos 2 (-)(l + 7 2 A 2 sin 2 6) 
2 



q 

A A cos 2 (-) 



and then we have 

ds 2 = -e*° dt 2 + Add 2 + g x da 2 + g 2 d£ 2 - Ag x dad£. 

All the components of 5-field are zero. 

The action after T-duality takes the form: 

1 



S=~ I drda V-hh pq [ -e*°d p td q t + A d p 6d q 6 + 9l d p ad q a+ 



= -2gi 
(5.5) 

(5.6) 



+ g2dj£d q £-2g 1 d p ad q £]. (5.7) 
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We are going to use Nambu-Goto action, because we don't know the gauge- 
fixing of the V —hh pg . 

Imposing now the gauge ( here r and a are world-sheet coordinates ) 

t = t, a = J a, (5.8) 
and solving for the world-sheet metric, we find 

- det h pq = [A §0' + g 2 ti' - 2 9l j£] 2 

_ [ _ e *o +A ~'i + g2 ^ [A§ ? +giJ 2 + g2 ^ _ AgiJ £Y (5.9) 

In the simple case 9 = const we have 

yj-det h pq = e*° gi J* - ( 9l g 2 - Ag\) J 2 e + e*°g 2 ? 2 - 4e*° 9l J?. (5.10) 

To isolate the sector of "fast strings" we should take J to be large, i.e. -j? — > 
0, and £ to be small (£ is "slow" variable). Then 



y/-det h pq = J^J e*° 9l - ( 9l g 2 - Ag 2 ) £ 2 - 4e*° 9l ?j + e^g^j^ = 



= J 



= 7 + °<7> 

2Je*°g 1 -(g 1 g 2 -4g 2 1 )e 



J (e*° 9l - ( 9l g 2 - Ag\) £ 2 ) - 2e*> 9l ? 
J (e^g 1 -(g 1 g 2 -4g 2 1 )£ 2 )-2e*»g i e 



e^gi-(gig 2 -Agl)e 



e^Jg[ 2(e*o 5l )3/2 



9l( 2 %J 9l) (J + 2£0 £ 2 - 2 e^ 2 ^ + Je *o/2 ^ (5 . n) 
Finally, the Nambu-Goto Lagrangian takes the form 



2na' 



9i(92 -4 9 i) 
2 e*«/ 2 



(J + 20 £ 2 - 2 e^ 2 yfa? + Je^ 2 yfc 

(5.12)" 
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The ansatz we employ is 

9 = const, £ = - — <f) — ujt + -m<7, (5.13) 

where m = mi — m 2 is an integer and uj is a constant ( one can check that 
these are solutions of the equations of motion ). 

Now it is straightforward to compute the canonical momentum corre- 
sponding to £ 

dC(j?) 1 ^(£2 ~ 4gi) 

n, = ^ - J 2 = = ^ — (J + m) a; (5.14) 



Computing the energy we find 



(5.15) 



or 



where 



E= l -{J l -J 2 )oo + ^- i e^ 2 ^fg[ (J — m) , (5.16) 
—t a \ 2 V / Isin 2 (^72) 

^2-4^i) = / (5 ' 17) 

cos(^/2)y / l + 7 2 A 2 sin 2 # 



'l + 7 2 A 2 sin 2 # 4Asin 2 (-) 

^ r= "T7r — fI7*T' ^ 2 = . 2 r (5.18) 

2VAcos(0/2) l + 7 2 A^sm v 

6 Rotating strings with spins in the both cy- 
cles, S 2 and S 3 

In this section, the discussion follows closely the one in the 7-deformed S 5 
part. If we put 

rj, = 0, r = 0, 
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the relevant parts of the metric and the B-field are 
ds 2 = -e*Vt 2 + Ad(6 + 6) 2 + 

+ [dip + cos(6 + 6) cbp) + v - J dip 2 , 

1 + 7 2 A 2 sin 2 (# + #) V r V l + 7 2 A 2 sin 2 (fl + #) 

(6.1) 

B 2 = dip A dip, (6.2) 

where A= ^j*±. 
The ansatz 

t — r; 6 = —6; ip — — ma + UiT; <p = m a + l} 2 r, (6.3) 

is a solution of the equations of motion (m is an integer). 

We should also impose the Virasoro constraints in order to ensure con- 
formal invariance. One of them is trivially satisfied by our ansatz and from 
the second one we obtain the following relation for uj\ + U2 = uj: 

e* 2 
u 2 = —, i.e. u = (6.4) 
A y/a' g s N 

The relevant bosonic part of the classical string action depends on the 
metric Gmn and the NS-NS 2-form B-field B MN , i.e. is given by 

S= -i- J drda [g pq G MN d p X M d q X N -e pq B MN d p X M d q X N ], (6.5) 

where e 01 = 1 and g pq = \J —h h pq ( h pq is a world-sheet metric with 
Minkowski signature, i.e. in the conformal gauge g pq = diag{—\, 1) ). 
The Polyakov action for this ansatz is simply 

S=-l-JdTda e^i 2 - A (ip + ip) 2 -2m (ip + ip) . (6.6) 

Now it is straightforward to compute the angular momenta J± and J 2 
corresponding to <p and <p> 

J\ = J i = A {uji + uj 2 ) + m = Auj + m . (6.7) 
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Computing the energy we find 

E = e* . (6.8) 

Using the relation (6.4) and set A = a 9s ^ e we can rewrite the energy 
with the total spin J = J\ + J 2 = IAuj + 2m as follow 

E= ( J - 2 ™^. (6 . 9) 

We should note also that the metrics (5.1) and (6.1) are identical. Chang- 
ing 9 + 9 by 9 and ip by tp in metric (6.1) we obtain the metric (5.1). 
Consequently, the ansatz 

t — r; 0=0; ip = —ma + ujit; ft = ma + U2T, (6.10) 

is a solution of the equations of motion for the string- frame (5.1). Therefore, 
the result for energy will be the same as in (6.9). 



7 More rotating strings 

Let us consider the following limiting case of the geometry considered in 
[6]. If in background (2.1) we take the limit 9, 9, ip and (p — > the 
only contributions will come from the first and second terms in the square 
brackets. The resulting geometry then becomes: 



ds 2 _ *(r) 

ab hmit — e 



-df2 + dX\ + dX 2 2 + dZ 2 + a'g s N dr 2 + d^ 2 



(7.1) 

The classical equations of motion for the string sigma model are: 

d a {e^ V a %t) = (7.2) 

d a (e^ri^dpX 1 ) = (7.3) 

8 a {e^r) a %r) = \ (e»W) rf* [-d a td p t + d a X*d b X l ] (7.4) 

We make the following ansatz: 

t = KT 

Xt = Xi{T)pi(a) (7.5) 
r = r(a) 
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The equations of motion for the variables (7.2,7.3,7.4) then become 



-e*Wxi(r) + ^(a) + Xi (T)d a (e*< r >) = 

We can now impose natural separation of variables which leads to 

Xi(r) + Lvlxi(r) = 

d a (e*< r W(<7)) + uj 2 1 e^p'(a) = 0. 

The solutions of (7.7) are correspondingly 

X\ = cos lot, x-2 = sinwr 

For the radial variable r we get 

d a (e^d a r) = \d r e*W [k 2 -u 2 iP \ sin 2 cur - u\p\ cos 2 ur 

, / 2 2 / 2 . 2 

+p x cos cur + p 2 sin ujt 
The Virasoro constraints can be written in the form 



$( r ) /2 $( r ) r 2 , 2 2-2 

e v 'r + e K ' [-K + u^pism tuiT 
uj\p\ cos 2 ujt + p^ 2 cos 2 u;r + p' 2 2 sin 2 u;r 



= 0. 



One can write now the corresponding conserved charges 



E 



K 



2na' 



(7.6) 

(7.7) 
(7.8) 

(7.9) 



(7.10) 



(7.11) 



(7.12) 



J =7^7 / e * (r ViP2 [xid T x 2 - x 2 d T x 1 ] da 



CO 



2na' 



e* (r) piP2 da 



(7.13) 



To solve the equations of motion we impose the following simplifying condi- 
tion 

Pi = P2 = P 

after which the equations of motion become 



2 2 2 , /2 

K - UJ±p + p 



(7.14) 
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The Virasoro constraints take the form 



e *(»V 2 + e *(r) 



2 i 2 2, /2 

-re + u;^ + p 



0. (7.15) 
which gives for the angular momentum the expression 

The AdS/CFT duality teach us that the corresponding state in the gauge 
theory has the same quantum numbers. In order the semiclassical approxi- 
mation to be valid the action should be large and thus we are dealing with 
a state in the IR region of the corresponding gauge theory with large mo- 
mentum J and energy E. One can consider now the string at the stationary 
point ro = 0. The equation of motion for r then is trivially satisfied and the 
Virasoro constraints gives an equation for p 

p' 2 + u>\p 2 = k 2 . (7.17) 

The solution is 

p(a) = Asmcua, (7.18) 
and using again the Virasoro constraint we get for A 

A= K -. 

The expression for the energy and angular momentum then become 

K 2 

E = 2ttkT s ; J = — ttT s , (7.19) 

where T s is the string tension. It is obvious that we reproduce the well known 
Regge relation 

One can study now the fluctuations around the given configuration and find 
the quantum corrections to the relation we obtained, but this is subject to 
another investigation. The main lesson we can extract is that having obtained 
a solution independent of 7, we reproduce the well known Regge behavior 
and one can conclude the our solution is physically reasonable. Although our 
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result do not give conclusive solution of the decoupling of the Kaluza-Klein 
modes, it gives more arguments to the conjecture that 7 deformation lifts 
the KK-modes and one can serve as a mechasnism of separating the physical 
solutions. 

As another test of the conjecture we consider strings with r nontrivially 
depending on the worldsheet coordinate a, i.e. the string is extended in r 
direction too. 

The Virasoro constraint and the equation of motion for p(er) are: 



Ar' 2 (a)+p' 2 (a)+p 2 (a) = ^, 

p"(a) + ^-r'(a)p'(a)+p(a) = 0, 

where a = u x a and A = a'g s N, B 2 = k 2 — 
For small p we have: 

Ar'\a)+p'\a) = * 



(7.21) 
(7.22) 



to 



Integrating equation (7.24) once we obtain: 

|p'(or)| = Ce~*W 
For r near by to fixed r we have the following approximation 



dr 



(r - r ) 



(7.23) 
(7.24) 

(7.25) 
(7.26) 



Using the Virasoro constraint (7.23) we obtain for r(a) the equation: 



Ar'\d) 



B 2 



C 2 u 2 
B 2 



e -2$(r ) 1 



d$(r ) 
dr 



(r - r ) 



(7.27) 



when r\ < r < r£, where 

Be*( r o) 



ro - 



d£(rp) 
dr 



r + 



+ 1 



rf$(ro) 
dr 



(7.28) 
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are the turning points of string and r + d$ jy } is the center of mass. This 

dr 

equation can be rewritten as: 

dr B 



c 2 < 



B 2 



1 e -2<I>(ro) I I 



rf$(r ) 
dr 



roj)' 



d a. 



(7.29) 



This relation is appropriate for the computation of the conserved charges in 
our problem (the energy and angular momenta ). 
The 2n periodic solutions of (7.27) and (7.26) are: 



r(a) = r + 



d$(r ) 



B e*( r °) 
1 H — sin(ma) 



ft?) = 



B 



dr 



1 



d$(ry) 



dr 



where m 



C „-*(r ) d$(r ) 
v^4 dr 



Ak + 1, k 



For energy and spins in this case we have: 



E = 2k 



dr 



Jl = 



A 3/2 e 2#(r ) ^ 

2C d£(ro) ~ 
dr 



1 + 



1 + 



cos(ma)] , 
0,1,2,3,... 

5 e *(ro) i 

7T C iO\ 

Be*( f »' 1 



(7.30) 



(7.31) 



ttC 



(7.32) 



(7.33) 



2 ^^ e 3^(r ) i 



3tt 



-4 



4 e *(ro) ! ! ByfAe 1 *™ 1 
+ 



dr 



3 c 2 



d$(r ) 
dr 



(7.34) 

As a result of our considerations one can conclude that there exsist in- 
deed physical solutions that give the conserved quantities independent of the 
deformation parameter. Once again, we point out that these computations 
show that the conjecture can serve as a mechanism of separating physically 
relevant solutions. It is important however to point out that sometimes the 
background can "cheate" and one can have a realization of some "secrete" 
mechanism of cancelation of the contributions coming from gamma deforma- 
tion with KK modes still in the game and the conjecture we checked in this 
paper cannot be considered as a definite way of separating pure gauge theory 
effects. We will discusse more on this issue in the next Section. 
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8 Conclusions 



In this paper we considered string theory in the deformed Maldacena -Nunez 
background studied in [6] at supergravity level. We studied various string 
configurations of string rotating in several cycles of the geometry and pul- 
sating strings as well, and discussed the effect of the deformation. 

After listing the basic formulae for the deformed Maldacena-Nunez back- 
ground in Section 2, in Section 3 we present the analysis of the simple rotat- 
ing strings in the S 2 x R. Since the calculations cannot be given in analytic 
form, we consider the limit of short and long strings. In this approximation 
we show that the energy increases due to the deformation parameter 7. We 
arrived to the same conclusions in Section 4 where we consider short and long 
pulsating strings in the same cycle of the geometry. Since the geometry have 
one more cycle in its five dimensional part, we consider fast moving strings 
in S* 3 x R. Detailed consideration show that again we have increasing of the 
energy due to the deformation. 

In [6] it was conjectured that if one can separate a sector in which 
the gamma deformation completely decouples, one can state that the ef- 
fect should be purely due to the gauge theory with no contributions from 
KK modes. In the last section we were able to find a nontrivial string con- 
figurations in which this can be achieved. 

This check is quite remarkable, so let us comment in some details what we 
found. As we mentioned above, the conjecture made in [6] is that the gamma- 
deformed and the undeformed background only differ in the dynamics of the 
KK modes. To check the conjecture we considered various rotating and pul- 
sating string configurations. The first type of configurations is when strings 
rotate in any combinations of tp and (p directions. By means of AdS/CFT 
correspondence these should describe long operators in the gauge theory of 
the form 

Akk = 00---OKKKO---0, (8.1) 

where O represents any M = 1 SYM operator and /C - any operator made 
out of KK modes. The second type configurations is when strings do not 
rotate in those directions. The statement of the conjecture is that in this 
case the long operators are made out of operators of the SYM fields 

A = 00---00---0. (8.2) 

What are the reasons for the above comments? First of all, let us mention 
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the dual Lagrangian of the Maldacena- Nunez model 

C = F%, + \D\ + C KK , (8.3) 

where F^ u is the usual YM curvature and A is the corresponding majorana 
spinor. The last term Ckk is the lagrangian describing the KK modes and 
is given by (for recent discussion see [56]) 

C KK = OD0) 2 + ^D^ + V(A,^,0), (8.4) 

where is a scalar, \& is a spinor and V is a potential whose form is not 
important in this discussion. So, what Maldacena and Nunez have done is 
actually to write a background that represents the strong coupling regime of 
the lagrangian 

£ = F lv + + W? + + V(\, 0) (8.5) 

which is nothing but an UV completion of M = 1 SYM. 

Let us turn now to what is done in [6]. In this paper Gursoy and Nunez 
provided a continuous set of UV completions parameterized by 7. For each 
value of this parameter we have difference in the dynamics of the KK modes 
due to the changes in the potential V(<f>, A, \1/) by a dipole deformation. The 
conclusions from our computations can be put in two different, complemen- 
tary and physically nice ways: 

1) In the first type of configurations the strings charged under U(l) x 
U(l) do experience changes in their spectrum and dynamical relations E = 
E(J\,J2) as the background is deformed. Hence, those strings "remember" 
that they are composed out of a large number of KK modes (which are 
charged under U(l) xlf(l) and hence the 7 deformation changes its dynamics 
) and also SYM operators; these are strings of the form (8.1) above. Strings 
like the one in section 7 (which are of the form (8.2)) are made out of only 
SYM operators. Hence they do not see changes in the deformed background. 

2) Our considerations show that the Gursoy-Nunez backgrounds do in- 
deed provide different UV completions and that the different completions 
are labelled by a continuous parameter 7. The different values of 7 does not 
change everything, but just the UV completion that the supergravity solution 
is giving to Af = 1 SYM. 

Giving support to the Gursoy-Nunez conjecture a reasonable question 
arises: how to decouple completely the UV completion? Certainly this is 



25 



an open question, because it is not known how to calculate string theory 
in RR backgrounds. What will happen if such a technique is available? 
One can speculate that the KK modes will be made infinitely heavy and 
the spectrum will be just that of SYM. Then our rotating strings that do 
depend on <p and <p upon quantization will become very heavy also. The 
present situation however do not alow all that and we have to live with the 
KK modes. Since the mass of these KK modes is similar to the scale of 
confinement, the relevant and important problem is to decide whether or not 
the background we consider is giving us a result we can trust or not. 

As a result of the above discussion, we see that the proposal of Gursoy and 
Nunez is to gamma deform the background (which has completely different 
behavior in the UV) and compute the same things in both backgrounds. If 
the results depend on 7 in the deformed background, the result contains 
effects due to KK modes, if not - this is purely gauge theory effects. Our 
considerations of rotating strings in different directions, in our opinion, are 
giving a very remarkable check of all this picture described above. 

As we pointed out in the previous Section, sometimes it happens that 
KK modes can cancel in some way the gamma deformations and one can end 
up with the same result but with KK modes not really decoupled. Certainly 
the idea of using gamma deformation of such backgrounds to separate the 
contributions from KK modes from the pure gauge theory effects deserves 
further study and we will return to this issue in future investigations. 
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9 Appendix: A circular string in the back- 
ground (7.1). 

Let us consider the following circular string ansatz 5 : 

x = p cos (ui t + a(a)) ; ip = uj 2 t + (3(a); t = kt , , 

y— p sin (uoi r + a(a)) ; p = const; r = r(a). 

5 In this appendix we use the notations X\ = x,X 2 = y. 
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The Virasoro constraints for this ansatz are: 

pV« / (a) + ^|^c 2 /5V) = 0, (9.2) 



or 



( p2 + ^^t) «'V)+^'» = S> (9.4) 
where 

A = a' g s N, B = k 2 — p 2 u\ - — u\ > 0. 

The induced world-sheet matric with Virasoro constraints taken into account 
has the form: 

ds 2 w s = e*^ CT » B (-dr 2 + da 2 ) (9.5) 

and then we have 

V=99 Pq = l m = diag(-l,l). (9.6) 
The relevant Polyakov action for this geometry is: 



S=-— [ dTdae^ r ^[K 2 -p 2 ujj--uj 2 2 + 
An J 4 



+ p 2 a' 2 (a) + ^P' 2 (a) + Ar' 2 (a)]. (9.7) 
The equations of motion for a(a) and (3(a) are the identical: 

a» + ?'"((7)aV) = 1 (9.8) 

(Jj I 

(3"(a) + ^r'(a)P'(a)=0. (9.9) 
Integrating them once we obtain 

^-a' 2 (a) + 2^-<S>(r)a' 2 (a) = 0, (9.10) 
da da 

a' 2 (a) = C ie - 2 ^ r \ (9.11) 

P'\a) = C 2 e~ 2 ^ r) . (9.12) 
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One can check that the Virasoro constraint (9.2) are satisfied. 
For r(a) we have the following equation of motion: 



2XrV)+A^r"( ff )-^ 
dr dr 



B + p 2 a' 2 (a) + ^f3' 2 (a) 



0. (9.13) 



Using the Virasoro constraint (9.3) we obtain for r(a) the equation 



Ar"(a) + A 



dr dr 
One can easily integrate this equation as follow: 



B = 0. 



(9.14) 



4r'V) + r'(a) \Ar' 2 {a) - B] = 

-f- L4r' » -51+2 L4r' » - Si A$(r) = 

J_ A L4r'» - Bl = -2-^U(r) 

[ir ,2 (ff) - B] da 1 K J 1 da K J 

| Ar' 2 (a) - B \ = C e' 2 ^ 

In order the resulting solution to be periodic in a one should take the constant 
C negative. At the end of the day we find 



r'\a) 



B C 
A~A 



-2*(r) 



(9.15) 



where § < e 2$0 . This equation can be rewritten as: 



da 



B _ C p -2<I>(r) 
A A 



■ dr. 



(9.16) 



This relation is useful for the computation of the conserved charges in our 
problem (the energy and angular momenta ) which can be written in the 
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form: 



2vr 



E 



Ji = 



2ir 



2tt 



2tt 



J2 = 



2tt 



2tt 



/ 



3* (r) da, 



2*< r > da, 



;*< r > da. 



(9.17) 
(9.18) 
(9.19) 



Therefore, the final expression for the energy takes the form 



E 



K 



p 2 UJ X + jU> 2 



(9.20) 



We want to emphasize that this result is exact and does not depend on 
the deformation parameter. 

To complete the analysis, we will present here the cases of the limits of 
short and long strings. In the first case we have r — > . In this limit the 
dilaton field has the following behavior: 



e -2*(r) „ e -2* 



l--r 2 + 



224 



9' '405 

Substituting this approximation into the equation (9.15) we get: 



111 \ B C _2$ n 

r {a)= A~A G 



8 2 224 4 
1 r H r 



9 



405 



or 



where 



99zL n 

12/ \ ^ -2<E>n / 2 2\ / 2 

v ; 405 A 



r 9 — r r — r 



r 2 
'2 



45 
56 

45 
" 56 



VE V 9 C 



3 /14 B „ 

1 H \ I e 2 * — 1 

+ V5V 9 



< 1, 



< 1 



(9.21) 

(9.22) 
(9.23) 

(9.24) 
(9.25) 
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are the turning points of the short string, < r\ < r 2 < r\ < 1 and 

JL <r b p 2 *o <■ i 

14 ^ C C ^ L ■ 

The 2n periodic solution of (9.23) is: 



r((j) = r 2 dn 



1(5-) 



r; — r; 



where C = Sf^e*. 

For energy and spins in short string case we have: 



(9.26) 



2tt 



2tt 



E = — I e ^da=2 — 



2ir 



Mr) 



Kr 2 e 
K 



$ 



T2 



dr 



B _ C p -2S(r) 



n 



1 I 4 2 I 8 4 
^ + 9 r + 405 ^ rfr = 

a/ (r| — r 2 ) (r 2 — r 2 ) 



e*° « + 1 e*« . r 2 | + A f^l [ 2 ( r 2 + r 2 ) E - r{ K], (9.27) 



Ji = e*° 



J 2 = e*° -cu 2 



n 4 2 E 

l + -r 2 2 - + 



8 r 2 

2 i ° '2 roi'„2 i „2 



9 K 405 3K 

4 2 E 8 r 2 



[2(r 2 + r 2 )E-r 2 K] 



1 + 9 r2 K ' !0r> 3K 



-M 2 (r 2 + r 2 )E-r 2 K] 



(9.28) 
(9.29) 



In long string case (i.e. r — ► oo ) the dilaton field has the following 
behavior: 

4 r i/2 



-2*(r) 



3 2r ' 



Using this approximation in the equation (9.15)we get 

C 4r^ 2 

The turning point r satisfies the equality 



(9.30) 



(9.31) 



< /2 



B 



e 2r " C 



(9.32) 
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For energy and spins we find: 



E = - \ — 




r(3/2) 



xFx [1, 3/2, r ] 



___ . / _ J2r X 



1/4 e r 



(9.33) 



J 2 




(9.34) 



(9.35) 



The expressions we found for the limiting cases of short and long strings 
are consistent with the general result (9.20) we already found. 

The string configurations we studied in this Appendix are somhow trivial. 
This i because the circular string is "spinning into itselfs" and looks like point 
particle circling on the circle with radius p. Nevertheless, it is good to have 
explicit solutions supporting the conjecture of separating the KK modes. 

At the end, one can conclude from the considerations in this Appendix 
that there exist cases in which the KK modes are lifted by the deformation 
of the geometry and the obtained results are purely gauge theory effects. 
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